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Pointlike Gravitational QFTs

We don't (yet) know how to build a perturbatively
ultraviolet-�nite pointlike QFT of gravity in 4-D.

Nobody has proven we can't!

What we know:
Non-renormalizeable by power counting, (�
dimensionful).
Previous analysis suggests divergences.
No known symmetry has yet tamed suspected
divergences, suggesting we really do need new
physics in the UV.

Perturbatively UV �nite still an open question!
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Valid pointlike Gravitational QFT

Implications are profound:

Unidenti�ed symmetry

Dynamical mechanism

Required analysis will likely expose new and important
structures in calculable QFTs.

c.f. Benincasa, Cachazo: [hep-th] 0705.4305
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Supersymmetry

Tames UV behavior, and extensively studied.

SUSY itself is not the solution: delays onset of
divergences only by a �nite # of loops.

Even so, maximally SUSY supergravity (N = 8 ) may be
the best candidate.
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N = 8 Supergravity

N = 8 is the most SUSY allowed where maximum particle
spin is 2.

Discussing the D = 4 N = 8 SUGRA theory �rst written
down by Cremmer, Julia and Scherk. (1978,1979)

256 massless states
N = 8 : 1 8 28 56 70 56 28 8 1
helicity: -2 -3/2 -1 -1/2 0 1/2 1 3/2 2
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Where are theN = 8 Divergences?

Depends on who and when you ask:
3 loops: Conventional superspace counting.

Green, Schwartz, Brink(1982); Howe,Stelle (1989); Marcus, Sagnotti (1985)

5 loops: Partial analysis of unitarity cuts.

Bern,Dixon,Dunbar,Perelstein,Rozowsky (1998)

5-7 loops: If harmonic superspace with N = 6 :::8 SUSY manifest exists.

Howe,Stelle (2003), Grisaru, Siegel (1982)

8 loops: Identi�cation of SUSY invariant conterterm.

Kallosh; Howe, Lindstrom (1981)

9 loops: Berkovit's superstring non-renormalization assumption.

Green, Russo, Vanhove (2006)

Note: none of these demonstrate a divergence.

They're arguments of SUSY protection running out.
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Reasons to ReexamineThis?

N explicit
CT = 0 , i.e. it's an open question!

Hints from string dualities.
Green, Russo, Vanhove

Gravity amplitudes have amazingly simple structure in
twistor space. Witten

All explicit calculations performed �nd N = 8 SUGRA to
have identical powercounting of N = 4 SYM.

Remarkable cancellations at 1 loop - "no triangle
hypothesis". Unitarity ! higher loop cancellations
beyond any known superspace argument.

Bern, Bjerrum-Bohr, Dunbar; Bern, Dixon, Roiban;

Bjerrum-Bohr, Dunbar, Ita, Perkins, Risager
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Feynman Rules

Gravity: L =
2
�

p
gR; g�� = � �� + �h ��

Propagator in de Donder gague:

P� 1 � 1 ;� 2 � 2 =
1

2

h
� � 1 � 2 � � 2 � 2 + � � 1 � 2 � � 1 � 2 �

2

D � 2
� � 1 � 1 � � 2 � 2

i i

k2 + i�
:

Feynman rule for 3-vertex:

G� 1 � 1 ;� 2 � 2 ;� 3 � 3
De Donder (k1 ; k2 ; k3 ) � k1 � k2 � � 1 � 1 � � 2 � 2 � � 3 � 3 + k � 3

1 k � 3
2 � � 1 � 2 � � 1 � 2

+ � 100 more terms
Review in gr-qc/0206071
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Feynman Diagrams

Suppose we just wanted to start calculating:

3 loops: � 1021 terms per diagram (absurd)

5 loops: � 1030 terms per diagram (super-absurd)

9 loops: A big headache.

Conclusion: Wrong formalism to calculate gravity.
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Better Approach

Kawai-Lewellen-Tye relations: map products of gauge
theory trees to gravity tree amplitudes

Unitarity method: ef�cient formalism for going from tree
to loop amplitudes.

Note: Same strategy essentially unchanged since Bern,

Dixon, Dunbar, Perelstein and Rozowsky (1998)
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KLT Relations

Gravity Tree Amplitudes: si;j � (ki + kj )2

M tree
4 (1; 2; 3; 4) = s12 A tree

4 (1; 2; 3; 4) A tree
4 (1; 2; 4; 3)

M tree
5 (1; 2; 3; 4; 5) = s12s34A tree

5 (1; 2; 3; 4; 5)A tree
4 (2; 1; 4; 3; 5)

+ s13s24A tree
5 (1; 3; 2; 4; 5)A tree

5 (3; 1; 4; 2; 5)

Gauge Tree Amplitudes

A tree
4 (1; 2; 3; 4) = g2

X

non� cyclic

Tr(T � 1 T � 2 T � 3 T � 4 ) A tree
4 (1; 2; 3; 4)

See review: gr-qc/0206071
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KLT Relations

Gravity Tree Amplitudes: si;j � (ki + kj )2

M tree
4 (1; 2; 3; 4) = s12 A tree

4 (1; 2; 3; 4) A tree
4 (1; 2; 4; 3)

M tree
5 (1; 2; 3; 4; 5) = s12s34A tree

5 (1; 2; 3; 4; 5)A tree
4 (2; 1; 4; 3; 5)

+ s13s24A tree
5 (1; 3; 2; 4; 5)A tree

5 (3; 1; 4; 2; 5)

Gauge Tree Amplitudes

A tree
4 (1; 2; 3; 4) = g2

X

non� cyclic

Tr(T � 1 T � 2 T � 3 T � 4 ) A tree
4 (1; 2; 3; 4)

See review: gr-qc/0206071

Note: color stripped gauge amplitudes in gravity expr.
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Trees to Loops: Unitarity

Unitarity method gives us a means for directly going between
on-shell tree amplitudes and loop amplitudes.

All Feynman rules implicit, not explicit

No gauge �xing

No unphysical off-shell states
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Cut Construction for SUGRA

2 loops, 3-particle cut: M 2-loop
4 (1; 2; 3; 4)

�
�
�
3-cut
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KLT to the rescue!

X

N =8 states

M tree(1; 2; `3; `2; `1) � M tree
5 (3; 4; � `1; � `2; � `3)

si;j � (ki + kj )2

= � s`1 ;k1 s`3 ;k2 s`3 ;� k3 s`1 ;k4 �

�
� X

N =4 states

A tree
5 (1; 2; `3; `2; `1)A tree

5 (3; 4; � `1; � `2; � `3)
�

�
� X

N =4 states

A tree
5 (1; `1; `3; 2; `2)A tree

5 (3; � `3; � `1; 4; � `2)
�

+

+ perms
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Important Points

KLT + Unitarity:

A given L -loop cut in SUGRA is effectively a sum over
products of L -loop cuts in SYM:

X

N =8

M cut loop �
X

perms

(
X

N =4

Acut loop )(
X

N =4

Acut loop )

Understanding how to get an L -loop cut in SYM is
critical.

Getting better at SYM calculations ! getting better at
SUGRA.
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Recent advancement inN = 4 SYM

Complex momenta in generalized unitarity.
Britto, Cachazo, Feng; Witten

Relevance of conformally invariant integrals.
Drummond, Henn, Smirnov, Sokatchev

Four loop planar amplitudes.
Bern, Czakon, Dixon, Kosower, Smirnov

Five loop planar amplitudes
Bern, JJMC, Johansson, Kosower

Current status:

We now have a handle on all planar SYM contributions,
just by drawing pictures.

We can target and verify all individual contributions
ef�ciently with maximal cuts.
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Cancellations at One Loop

Crucial hint of additional cancellation comes from one loop

Figure from L. Dixon.
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No-Triangle Hypothesis
One-loop D=4 theorem: Any one loop amplitude is a linear
combination of scalar box, triangle, and bubble integrals with
rational coef�cients:

In N = 4 SYM only box integrals appear.

No-triangle hypothesis: same for N = 8 supergravity.

Prior to cancellations: N = 8 SUGRA ?�! (` � )2(n� 4).

N.T.H. ! N = 8 has (` � )n� 4 equiv. to N = 4 SYM!
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Evidence for No-Triangle Hypothesis

Calculation of one-loop N = 8 MHV amplitudes up to
n = 6 legs.

Bern, Dixon, Perelstein, Rozowski

Explicit calculation of all six-graviton amplitudes.
Bjerrum-Bohr, Dunbar, Ita, Perkins, Risager

Demonstration that boxes account for all IR singularities
at n = 7 .

Proper factorization on poles suggests that no-triangles
or bubbles at n < 7, means they cannot appear for
higher n.

Bern, Bjerrum-Bohr, Dunbar (2006)
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Key L-loop Topology
Bern, Dixon, Roiban

Figure from L. Dixon.
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Three Loops

Three loops very interesting: �rst order for which N = 8
SUGRA and N = 4 SYM might have differing power
counting.

3-particle cut exposes one-loop 5-point amplitude with
[(` + k4)2]2

violates no-triangle hypothesis
"N.T.H." a fact for the 5-point case!
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Cuts at 3 Loops
Bern,JJMC,Dixon,Johansson,Kosower,Roiban

For the �rst cut (a):
X

N =8 states

M tree
4 ( left) � M tree

5 (middle) � M tree
5 (right)

�
X

perms

momenta �
� X

N =4 states

A tree
4 ( left) � A tree

5 (middle) � A tree
5 (right)

�

�
� X

N =4 states

A tree
4 ( left) � A tree

5 (middle) � A tree
5 (right)

�
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Cuts at 3 Loops
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Three Loop N = 8 Amplitude

M (3)
4 �

X

perms
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UV behavior matchesN = 4!

Two approaches:

1. Expand about vanishing external momenta. Show
cancellation between "vacuum" diagrams from leading
order behavior in the UV dressed as above.

2. Find an explicit representation where power counting is
manifest.
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Sample Stats

4 particle cut much better then 1021 terms

KLT expression has a sum over 318 products of 72
distinct SYM cut loops

Each SYM cut loop contained between 13 and 126
SYM diagrams.

Size of 4-cut SUGRA KLT fully expanded: 106 terms

Re-expressed in terms of SUGRA diagrams: � 104

terms.
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Beyond 3 loops:

Important implication of Unitarity:

Cancellations at every loop level L, carry
to all L-loop sub-diagrams of all higher
loops.

We knew we didn't have to worry about certain
diagrams because of "no-triangle."

Because of 3 loop results we know we don't have to
worry about certain higher-loop diagrams.

Suggests the possibility of targeted exploration of
higher loops "danger zones".
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SUSY Independence?

Go back to one loop:
SUSY in N = 8 only eats 8 powers of loop momentum:

(` � )2n SUSY�! (` � )2(n� 4)

But no-triangle hypothesis tells us effective behavior of

(` � )n� 4

which can be seen on the cut.
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SUSY Independence?

Go back to one loop:
SUSY in N = 8 only eats 8 powers of loop momentum:

(` � )2n SUSY�! (` � )2(n� 4)

But no-triangle hypothesis tells us effective behavior of

(` � )n� 4

which can be seen on the cut.

Note: At tree level, all-graviton scattering amplitudes are in-

dependent of SUSY.
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Loop Cancellations in Pure Gravity
Bern, JJMC, Forde, Ita, Johansson

Powerful new one-loop integration method of Forde makes it
much easier to track cancellations in any QFT at one loop, so
apply to pure gravity!

Observation: Most "N.T.H." cancellations observed in N = 8
supergravity already present in pure gravity.

SUSY cancellations are additional:

(` � )2n � (` � )� (n � 4) � (` � )� 8 ! (` � )n� 4

Cancellations generic to Gravity Cancellations due to N = 8

Conjecture: This behavior extends to higher loops.
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Things to do:

1. Next step: four loop computation for N = 8 .

2. Reinvestigate two-loop pure gravity power-counting to
study the severity of the known divergence.

Goroff and Sangotti; van de Ven

3. Possible to construct all-order proof of perturbative UV
�niteness of N = 8? ( Hint: Unitarity formalism is
recursive)

4. Link to a twistor string description of N = 8?

5. Explore UV-behavior of other theories with less SUSY.
(N � 5?)
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Summary:
Unitarity method is a powerful means of exploring QFTs.

One loop "No-triangle hypothesis" implies cancellations to
all loop orders, beyond any known superspace argument.

N = 8 SUGRA demonstrates exciting cancellations
beyond SUSY, explicitly matching the power counting of
N = 4 through three loops.

Most of the one-loop cancellations are already present in
pure gravity.

Suggestion that gravity in general may be much better
behaved then expected, bringing all-order �niteness
possibly within reach of SUSY. Finiteness still an open
question!
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