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Introduction to isolated horizons in numerical relativity
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We present a coordinate-independent method for extracting the magsand angular momentumly) of
a black hole in numerical simulations. This method, based on the isolated horizon framework, is applicable
both at late times when the black hole has reached equilibrium, and at early times when the black holes are
widely separated. Assuming that the spatial hypersurfaces used in a given numerical simulation are such that
apparent horizons exist and have been located on these hypersurfaces, we shdw &osvM , can be
determined in terms of only those quantities which are intrinsic to the apparent horizon. We also present a
numerical method for finding the rotational symmetry vector figédjuired to calculatd,) on the horizon.
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[. INTRODUCTION spacetimé, in practice, this issue does not arise for most
numerical black hole simulations that we are aware of. We

. . . . . .. shall therefore disregard this issue for the rest of this paper
Given a numerical simulation of a spacetime containing & . . .

. . ; : .~ "and only deal with partial Cauchy surfacés black hole
black hole, one is faced with two immediate questions:

; . spacetimesfor which apparent horizons do exist and have
Where is the black hole, and what are the values of its Paheen locate@i2—8]. A natural question we want to ask is: can
rameters, such as the mass and angular momentum?

In analytical considerations, a black hole is often defined"® unambiguously associate black hole parameters to appar-

. . . nt horizons?
via the event horizon, i.e. the future boundary of the causa .
o . ) L . One way to attribute a mass and an angular momentum to
past of future null infinity. While this notion is mathemati-

v el t and has led t ful its in black hole® black hole is to calculate the corresponding Arnowitt-
cally elegant and nas led 1o poweriul resufts in black no eser-Misner(ADM) quantities at infinity. The main diffi-

physics, generally it is not directly useful in numerical evo'culty is that the ADM mass and angular momentum refer to
lutions of black hole spaceti_mes. The reason is the teleologie \whole spacetime. In a dynamical situation, such a space-
cal nature of the event horizon: it can be constructed onlyjme will contain gravitational radiation and it is not clear
after we have knowledge of the entire spacetime and spac@my much of the mass or angular momentum should be at-
time is theend productof these simulations. Furthermore, triputed to the black hole itself and, if there is more than one
because of practical limitations, generally one cannot evolvgy|ack hole, to each individual black hole.

all the way to future null infinity. For such reasons, in nu- |t is desirable to have a framework that combines the
merical evolutions, it is more common to usgparent hori-  properties of apparent horizons with the powerful tools avail-
zonsto characterize a black hole. Apparent horizons areable at infinity. In the regime when the black hole is isolated
closed two-surfaces on a spatial slice of the spacetime anid an otherwise dynamical spacetime, such a framework now
are, therefore, well suited to numerical simulations thatexists in the form of isolated horizo9-13|. In numerical
evolve data from one spatial slice to another. While it issimulations of, say, black hole collisions, the black hole
possible that there exist no apparent horizons on the spati#lould be isolated at early times when the black holes are

slices used in a given numerical simulation of a black holgvell separated, or at late times when the final black hole has
settled down, but radiation is still present in the spacetime.

Isolated horizons provide a way to identify a black hole
quasilocally, and allow for the calculation of mass and angu-
*Electronic address: odreyer@perimeterinstitute.ca lar momentum. It has been shown recently that the formulas
"Present address: Max Planck Institiit fravitationsphysik, Am  for angular momentum and mass arising from the isolated
Muhlenberg 1, D-14476 Golm, Germany. Electronic addresshorizon formalism are valid even in dynamical situations
badkri@aei-potsdam.mpg.de
*present address: Center for Radiophysics and Space Research,
Cornell University, Ithaca, NY 14853. Electronic address: For example, it has been shown [i] that there exist Cauchy
deirdre@astro.cornell.edu surfaces containing no apparent horizons even in the Schwarzschild
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[14]. Therefore, the numerical methods presented in this ar-
ticle are relevant even for fully dynamical black holes.

The aim of this paper is to introduce the isolated horizon
framework in a way that is directly useful in numerical rela-
tivity. In particular, we show how to find isolated horizons
numerically, and how to implement the isolated horizon for-
mulas forJ, andM, . A key result of this paper is that, to
find the angular momentum of an isolated horizon, one can
just use the ADM formula for angular momentum but now
applied at the apparent horizon. This is not an assumption,
but a rigorous result obtained by calculating the Hamiltonian
generating diffeomorphisms which reduce to rotational sym- FIG. 1. The figure shows an apparent horiZbambedded in a
metries on the isolated horizon. This is completely analogouspatial sliceX. T is the unit timelike normal t& andR? is the
to what is done at infinity to obtain the ADM formulas for outward pointing unit spatial normal ®in X; ¢ andn® are the
mass and angular momentum for asymptotically flat spacequtgoing and ingoing null vectors, respectively. The veatdr(not
times. Indeed, the Hamiltonian analysis of isolated horizonghown in the figuris tangent tdS H is the world tube of apparent
is an extension of the ADM formalism to the case where thd'0rizons.
region of spacetime under consideration has an inner bound-
ary in the form of an isolated horizon. The isolated horizondefinitions and proofs we refer the reader[811-13. In
results forJ, andM, are also convenient for practical rea- this paper we shall focus on the basic physical ideas under-
sons because their expressions only involve data defined dWng the isolated horizon framework and its application to
the apparent horizon. An important ingredient in the formulanumerical relativity.
for J, is an axial symmetry vector on the apparent horizon.

Therefore we also present and implement a numerical A. Motivation, definition and basic results

method for locating Killing vectors on the horizon. E let d to fi tation. let tart b
This paper is organized as follows. In Sec. Il we first . or completéness and to fix notation, 1et us start by re-

review the notion of isolated horizons and explain how theywewmg the definition of apparent horizons. LE be the

can be located in numerical simulations of black hole space':Init timelike vector field orthogonal to a partial Cauchy sur-

times. We also explain their relation to apparent horizons an&ace 2. Given a closed two-surfacECX, we have the

give the formulas for their mass and angular momentumUnique unit outward-pointing spacelike nornf&] which is

These formulas require that we find a Killing vector on the @ngent tc. We are assuming here that one can define what

apparent horizon. A method for doing this is described in'S meant by the ins_ide and qutside&bﬂ'his can be done, for
Sec. lll. Section IV describes the practical numerical imple-mStance’ by imposing certain global conditions on the space-

mentation of these formulas, and we verify that our metho ime and th_e_ part_ial Cauchy surfaqes under consideration.
gives the expected results in the simple case of a booste ese conditions include: asymptotic flatness, strong future

Kerr black hole. Section V compares the isolated horizon‘"lsymIOtOtiC predictab.ility OT the spacetime with thg Cauch_y
rTchrfac:es under consideration and certain topological restric-

tions onX. Since the focus of this paper is not on such
global topological properties of spacetimes, we shall not
spell out these assumptions precisely and instead refer the
reader to[15]. It is worth mentioning that the inside and

II. ISOLATED HORIZONS outside S can also be defined quasi-locally without using
nglobal assumptions such as the ones mentioned above. This
has been done by Haywafti6] using the notion of trapping

angular momentum, and finally in Sec. VI we give some
possible applications and future directions.

Let us first fix our notation. The spacetime metric is take
to have signature {,+,+,+), and we use geometrical i i X , -
units whereG andc are equal to unity. We will usually use Norizons which we discuss in a later section.
the abstract index notation, but occasionally, especially for L€t dap b€ the induced Riemannian two-metric Srand

differential forms, the index free notation will also be used. €ab the area two-form orS constructed frong,,. We can
The Riemann tenSdRabcd will be defined by the equation construct a convenient basis for performing calculations at

2V Vo= Rabcdad wherea, is an arbitrary co-vector. We points of Sin a natural way(see Fig. 1 First, define the

work on a spacetime that is foliated by a spatial three maniputgomg and ingoing null vectors

fold 3 which is a partial Cauchy surface. The spacetime is 1 1

thus of the formX X R. The three-metric and extrinsic cur- £3:=—(T?®+R? and n%=——=(T?®—R?). 1)
vature on a spatial slic® are respectively denoted by, 2 2

and K p:=— yacydeCTd whereT? is the unit timelike nor-

mal to 2. The two-metric on the apparent horizon is calledlt is worth noting that any spacelike two-surfaSedeter-
Jab- All manifolds and fields will be taken to be smooth. mines uniquely, up to rescalings, two null vectors orthogonal
Finally, though it is quite easy to include matter fields, weto S. Any other choice off andn will differ from the one
will be interested in vacuum spacetimes only. This paper isnade in Eq(1) only by possible rescalings. We tie together
reasonably self-contained, however, for precise and detailetthe scalings of andn by requiring€¢-n=—1.
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Next, given two arbitrarily chosen spacelike orthonormal (iii) All equations of motion hold aA and, if any matter
vectorse; and e, tangent toS construct a complex null field are present witf,;, as the stress energy tensor, then we
vector require— Tq¢® to be future directed and causal for any future

directed null normak®.

1 Note that if condition(ii) holds for one null normak¥,
i=—(e,tiey). 2 then it holds for all. We will only consider those null normals

V2 which are nowhere vanishing and future directed. We are

therefore allowed to rescale by any positive-definite func-
- i — tion. The energy condition ifiii) is implied e.g. by the null
It satisfies the relationsn-m=0, m-m=1, {-m=0, and gy conditi%)rq which is commonI)F/) assumed; for the re-
n-m=0. Since ¢ and n satisfy €-n=—1, we see thal n5inder of this paper, we shall usually consider only vacuum
(€,n,m,m) form a null tetrad a&S. This is, of course, only spacetimes.
one possible choice of null tetrad, and we must ensure that Comparing the properties of the world tubkedescribed
physical results are independent of this choice. earlier with conditions(i) and (i) in the definition, we see

The expansions oft® and n® are defined asf,  that the NEH is precisely what we need to model the physi-
:=0?V,¢p, and 6, :=0*°V,ny,, respectively. Note that in or- cal situation at hand; when the black hole is isolated, the
der to find the expansions, we only need derivativeé ahd  world tube H represents a non-expanding-horizan The
nalongS and there is no need to extend the null tetrad intomotivation behind the conditions in the definition are thus
the full spacetime. However, if in some numerical computarather straightforward from the perspective of apparent hori-
tions it is necessary to extend the null tetrad smoothly intazons.
the full spacetime; all calculations will be insensitive to this  We have motivated the above definition using the world
extension. The surfacgis said to be an apparent horizon if tube of apparent horizons which in general clearly depends
it is the outermost outer-marginally-trapped-surface, i.e. it ison how we choose to foliate the spacetime with spatial sur-
the outermost surface ai with 6,)=0 and 6, <0. faces. It is then natural to ask whether an NEH depends on

Consider now the world tube of apparent horizéhson-  the choice of this foliation. To avoid unnecessary technicali-
structed by stacking together the apparent horizons on diffeties, let us consider a possibly dynamical spacetime contain-
ent spatial slices. As we shall show later in Sec. Il B, smoothing one isolated black hole. As mentioned in the introduc-
segments of this world tube are generically spacelike; it ision, we can choose spatial hypersurfaces on which there are
null when no matter or radiation is falling into the black no apparent horizons so that the world tube of apparent ho-
hole. At late times, one expects the black hole to reach equiizons does not exist for this foliation. Let us ignore this
librium when radiation and matter are no longer crossing theyossibility and focus on the case when each spatial slice has
horizon. In this regime, the world tubel will be a null  exactly one marginally trapped surface and hence exactly
surface, and the two-metrig,, on the apparent horizoB  one apparent horizon; the generalization to multi-black-hole
may now be viewed as a degenerate three-metric on the nudpacetimes is straightforward. It is not difficult to verify that
surface H. Furthermore, from experience with numerical the world tube of apparent horizons is independent of the
simulations and also from general topological censorship respacelike hypersurfaces used to construct it. In other words,
sults(see e.g[17]), we know that at late times, the apparentthe null surfacethe NEH obtained by stacking together all
horizons must have spherical topology. Therefore, at latghe apparent horizons at different times is independent of
times, the topology ofl is S?X R. Finally, in this regime, the how we choose to foliate the spacetime by spacelike hyper-
outward-normalf constructed in Eq(1) is a null normal to  surfaces; this is not true in the regime when the horizon is
the world tubeH, and most importantly, from the definition non-isolated and the world tube is spacelike. An NEH, even
of an apparent horizon, the outward nornfais always ex- when viewed as the world tube of apparent horizons, is
pansion free. therefore an invariant notion in the four dimensional space-

We will now argue that the isolated horizon framework is time. Every cross section of an NEH is potentially an appar-
ideally suited to describe apparent horizons in the regiment horizon if it arises as the intersection of the NEH with a
when the world tubéd is null. For our purposes, the straight- spatial slice. Choosing a different spatial slice corresponds to
forward definition of anonexpanding horizogiven below  obtaining a different cross section of the NEH. As we shall
shall suffice. To carry out the Hamiltonian analysis in ordersee later, for calculating physical quantities such as angular
to define mass and angular momentum, we actually need tmomentum and mass, it does not matter which cross section
impose further conditions on nonexpanding horizons, whichof the NEH we choose to work with.
we shall briefly describe towards the end of this section. The Even though cross sections of an NEH are very closely
formulas for mass and angular momentum make sense eveslated to apparent horizons, there are two differentes:
on nonexpanding horizons. Apparent horizons are required to be th&ermostsurfaces

Definition A three dimensional submanifoltl of a space- on a spatial slice with the afore-mentioned properties. This
time (M, g,p,) is said to be a nonexpanding horizGvwEH) if may not be true in general for cross sectiong\ef(ii) since

it satisfies the following conditions: they are trapped surfaces, apparent horizons also satisfy the
(i) A is topologicallyS?x R and null; condition 6,)<<0. Though this will most likely be true in
(ii) The expansiorﬁ(f)::qabVJb of € vanishes omA, actual numerical simulations, it turns out that this condition
wheref is any null normal taA; is not required to study the mechanics of isolated horizons.
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In fact, there exist exact solutions representing black holes xpozcabcdeambecmd (7)
which are isolated horizons but do not satigfy, <0, e.g.,

the distorted black holes studied by Geroch and Haft&3. W, =Capegf 2mPeCnd (8)
In these solutions the integral @f,) over a cross section of

the horizon is still negative even thoudhy, is not necessar- \Pzzcabcdeambacnd (9)

ily negative everywhere. In the remainder of this paper, we

shall ignore these caveats and the phrases “apparent hodnde is the area two-form on the apparent horizon. This can

zon” and “cross section ofA” will be used interchangeably. pe used to prove the important result thia is gauge in-
Consequences of the definitiohe simple definition of a  variant. The gauge freedom we are concerned with here is

NEH leads to a surprisingly large number of consequenceshe choice of null tetrads adapted Ao The allowed gauge

The important results we shall need later are the existence @fansformations relating different choices are null rotations

a one-formw, whose definition is given in Eq3), and the  gphoute:

fact that the component , of the Weyl tensor is a physical,

i.e. gauge invariant, property of an isolated horizon. Keeping {—¢

these two results in mind, the rest of this sub-section may be

skipped on a first reading. m—m-+c/ (10
While stating the results, it is convenient to use a null-

tetrad ¢,n,m,m) which is adapted to the horizgnthis N—n-+cm+cm+ccf

means that! is a (future directed null normal toA. An
example of such a null-tetrad is the one constructed in Eqsand spin-boost transformations:
(1) and(2), but there is, of course, an infinity of such tetrads.

Physical quantities will be independent of which null-tetrad t—AL
we choose. These consequences do not require the spacetime
to be vacuum; they only assume the energy condition men- n—A"'n (13)
tioned after the definition above. )
Area of apparent horizons is constaAiny null normal¢ m—e?’m.

is always geodetic and is also a symmetry of the degenerate ) )
intrinsic metricqa, ONA: £,qap20 (the symbol “2” means Herec, A an_de are arpltrary smooth fun(_:tlons an It turns
that the equality holds only at points Af). Furthermore, the ©OUt that¥, is always invariant under spin-boost transforma-
area ofany cross-sectiorS defined asA,:=§sd?V is the  tions; under null rotations, it transforms ésee e.g. the ap-
same where?V is the natural area measure Soonstructed ~ Pendix of[19])
from the two-metriaq,y, . In particular, the area of the appar-
ent horizons is constant in time.

Definition of w,. It will be shown in Sec. Il B that the
shear oft defined asr () :==mPmPV, ¢, is zero. The twist of
is trivially zero becausé is normal to a smooth surface, and
the expansion of is zero by definition. Since the null nor-
mal € is expansion, twist and shear free, there must exist
one-formw, intrinsic to A such that

V,—W,+2cW,+c2W,,. (12

Since ¥, and ¥, vanish atA, we see that¥V, is in fact
gauge invariant at the horizon: it does not depend on the
choice of null tetrad as long dsis one of the null generators
of A. This property is important because it tells us that the
Jalue of ¥, at the horizon does not depend on how we

choose to foliate our spacetime. A different spatial sfice

{2V, (P2 {3 (P (3)  will lead to a differentf, n andm. The two null tetrads will
be related by a combination of the following transforma-
for any vectort® tangent toA. If the null normalf is res-  tions: a null-rotation about, a spin-boost transformation, or

caled? —f=1f¢, the one-formw, transforms as a multiplication ofm by a phase. Whichever null-tetrad we
use to calculat& ,, we will get the same result. As we shall
w—o=w+d(Inf) (4)  see, itis the imaginary part of , which is physically inter-
esting for our purposes.
where “d” is the exterior derivative om. Further definitions The notion of nonexpanding horizons

Gauge invariance of¥,. If we choose a null tetrad describes the late time behavior of apparent horizons. In or-

adapted toA such as in Eqs(1) and (2), then we get the der to define the madd , and angular momentuidy of A,

following restrictions on the Weyl tens@,,.q at A [11]; one needs to go beyond this definition and introduce addi-
tional structures on the horizon. This is done via the defini-

Vo2W¥,20 (5)  tion of aweakly isolated horizofl1,12. The Hamiltonian
analysis which leads to the definitions of mass and angular
and momentum requires this extra structure. Fortunately, it turns
out that theformulasfor M, andJ, do not depend on this
do22 ImV¥,] e, (6) extra structure and hold true for nonexpanding horizons. We
could therefore omit these definitions entirely and simply
where state the results of the calculation. For the sake of complete-
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ness, we shall give the basic idea behind weakly isolatethtion, H will never be exactly isolated because of numerical

horizons. The rest of this subsection may be skipped withouérrors, and it is not clear how this method can quantify how

loss of continuity. close the horizon is to being exactly isolated. Fortunately,
In an NEH, the intrinsic metrig,, is time independent there is a much simpler method which only requires the two-

since £,0,,=0. There is no restriction on the time deriva- metric on a single time slice and can also provide a quanti-

tives of the extrinsic curvature a&f or the intrinsic connec- tative measure of how clode is to being perfectly isolated.

tion on A (by “time derivative” we mean derivative along This method is based on the shedf) of €, which is the

€). SinceA is a null surface, there is no natural notion of symmetric trace-free part of the projection &f¢,, onto the

extrinsic curvature. The closest thing to extrinsic curvature isapparent horizors. The tensorag@ has two independent

the tensoK? defined viat®K ,°"2£t2V,¢P for anyt® tangentto  components, and is conveniently written in terms of a single

A. This tensor is known in the mathematics literature as theomplex numbero ) :=m?mPV,¢,,, wherem is defined in

Weingarten map, and as its definition shows, iVjg® with Ed. (2). To calculates,y conveniently, we simply decom-

the covariant index pulled back td. From Eq.(3) we im-  posef using Eq.(1):

mediately obtairk .2 w,£°. This implies that requiring<2

to be time independent is equivalent to requirifigw,=0. A A1 1

Unfortunately, due of the transformation property«f [see U(f):mambvaeb: EmameaTkﬁ— EmameaRb.

Eqg. (4)], it is clear that this equation is not meaningful if all (13)

rescalings of are allowed. Note that if we restrict ourselves

to rescalings that are constant on the horizon, thgnis

invariant. We thus need to restrict ourselves to an equivak the above equation, we have extended the notatihtt

lence class of null normalst ], the members of which are also mean that the equality holds only at pointstbfThe

related to each other by a constant, positive nonzero rescdirst term is just a component of the extrinsic curvatirg,,

ing. We can then associate a unigugwith [¢]. The equa- while the second term can be calculated on the spatial slice

tion £,w,20 is now perfectly meaningful if is a member by calculating the connection associated with the three-

of [€]. A weakly isolated horizon is then defined as an NEHmetric y,,. We shall now prove the following important

A equipped with such a preferred equivalence class of nultesult concerningr :

normals[ ¢]. Furthermore, thev, associated withi€] must The world tube of apparent horizons is a NEH if and only
be time independentt,w,£0. Given an NEH, we can al- if o(,=0.
ways find such a preferred equivalence cl@ss this equiva- Readers not interested in the proof of this statement can

lence class is not uniqueThus every NEH can be turned skip forward to Eq(20). To prove this statement, we need to
into a weakly isolated horizon. The Hamiltonian analysis ofconsider the general case whidris not null. This has been
weakly isolated horizons leads to formulas for mass and arstudied in great detail by Haywafd6]. In Hayward'’s termi-
gular momentum, and as we shall see in Sec. Il C, thessology, the surfacéd is essentially guture outer trapping
formulas are insensitive to arbitrary rescalingsadnd thus  horizon This means thaH is foliated by a family of mar-
they make sense even for nonexpanding horizons. ginally trapped surface@vhich in our case are the apparent
We can introduce an even stronger definition. A weaklyhorizons satisfying the relationsa(g)éo, 0n<0 and
isolated horizon requires that, be time independent. It can £,6)<0. These are physically very reasonable conditions,
be seen from Eq(3) that w, is also a component of the and all black holes found in simulations are expected to sat-
intrinsic connectionD, induced onA by the four dimen- isfy them. Incidentally, note that the conditidi 6 =0 can
sional connectiorV, compatible with the four-metric. How- be used to define, in a quasilocal manner, what we mean by
ever,w, is just one component @, . In anisolated horizon  the inside and outside of the horizon.
we require thatll components oD, are time independent. ~ The proof of this statement, adapted frgf6], is then
It turns out that generically, this condition gives us a pre-quite simple: lez* be a vector tangent td and orthogonal
ferred unique equivalence clasé] [13]. to the foliation whose leaves are the apparent horizons. Such
a vector field may be considered to define time evolution at
the horizon. It is easy to see that, up to a rescaliigian be

] i ) ) expressed as a linear combination¢éfand n®
Our strategy to find nonexpanding horizons is to locate

apparent horizons on each spatial slice and then to check

whether the world tubéd obtained by stacking these hori- 22 ¢2—qan? (14)
zons together is a NEH. What remains to be checked is

whether the tube is a null surface. By definition, a surface is

null if the metrich,, induced on this surface has a degenerWherea is a smooth function ohl. The rescaling freedom in
ate direction, i.e. if there exists a vectét tangent taH such ~ Z Will be inconsequential for our purposes. The surfeces
that h,,X°=0; therefore, one possible method to checknull, spacelike, or timelike if and only i& is zero, positive,
whetherH is isolated is to construct the induced metig, ~ Or negative respectively. We will now show that0. From

on H and see if it has a zero eigenva|ue_ To ConSthH%t the definition of apparent horizons we know that the expan-
numerica“y, we have to know the tWO-met['ng on at least sion 0({) vanishes everywhere on the horizon, therefore
two different time slices. Furthermore, in a numerical simu-£,6,)=0. This in turn gives

B. Finding nonexpanding horizons
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isolated, we require that converge to zero appropriately
when the numerical resolution is increaged.

a—= .
£n0(€)

Even thoughd(,, and 6,y are so far defined only oHi, in C. Mass and angular momentum
Eq. (15 (and also in the very definition of a trapping hori-  Now let us define angular momentum. The details and
zon) we are taking the derivatives of these quantities albng proofs of the results below can be found[i2]. In order to
andn which are not necessarily tangenttio To make sense define the angular momentum, we need to assumeSit
of this equation we need to exteficandn in a neighborhood  axisymmetric, i.e. there is a vector field tangent taSsuch
of the surfaceS This can easily be done by using the uniquethat it preserves),p,,>
geodesics determined by these vectors.

The Raychaudhuri equation férthen leads to E(anbéo. (21

The next section describes a simple method for findifig
Note thate? is not a Killing vector of the full spacetime

where ®y= 1R,,¢2¢°. If we assume that the spacetime is Metric. It is completely intrinsic ta\, and in fact we only

vacuum, then®q,=0, and therefores, 0(()éq_ |"(€)|2v neeq data on the appa_rent horizon to finq it. _
which along with Eq(15) gives Given ¢? andw, [defined in Eq(3)], the isolated horizon

angular momentund, is defined as the surface termtin

the Hamiltonian which generates diffeomorphisms along a
rotational vector field which is equal t¢? at the horizon
[13]. The expression fod, is

Le0y=—|o)|*~Poo (16)

s lowl?
This immediately implies that 20 (which is equivalent to
H being nul) if and only if o) £0. This is what we wanted
to show. More generally, sinc€,,6,)<0, this shows that
a=0, which means that is spacelike when the shear is
nonzero.

As a side remark we also show tHatis null if and only
if the area elemenbn the apparent horizons,, is preserved
in time. To show this we need the equations

1
s 3€Sf Im[W¥,]d2V,
(22)

J =—i § (w,0?)d?V
A 8 s a

whereSis the apparent horizon and the functibis related

to 2 by d,f = €y,¢°. In the second equality, we have used
Eqg. (5) and an integration by parts. Sinde, is gauge in-
variant, so is the angular momentum, and in particular, it
does not depend on the scalingfofnd it thus makes sense

A A A
Leap=0y€ar=0 and Lo€ap=0mean- (18)  oyen on a NEH. If, in a neighborhood df, there were a
spacetime rotational Killing vectap? that approacheg? at
It then follows that A, then the above formula fad, would be equal to the
a _ N Komar integral calculated fop? [12]. However, the formula
L2€ap=L€ap™ Lan€ab =~ @0(n)€ap 19 s Eq. (22) is more general. As a practical matter, even if

thereforea 20 if and only if £,e,,20, which is what we
wanted to prove. This implies that if £0, then the area of
cross sections af is constant. However, the converse is not used as a general measure of how isolated a given horizon is, since

necessarily true, becausg, could be changing in such a ji is not gauge invariant. I is not exactly zero to begin with, a
way that its mtegrgl is constant; the area can be.co.nstargimme rescaling of changess (., and thuss. However, if we are
globally without being constant locally. Thus, in principle, only concerned with given apparent horizons embedded in given
we can have situations in which the area is constant withoUpatial slices, and if we agree to use EY.for defining¢ thereby
the horizon being isolated. However, constancy of area igemoving the boost freedom, then the horizon will be close to being
still a very useful first check to see when the horizon reachegolated if the conditiors<1 is satisfied. While this is not a satis-
equilibrium. Finally, as a side remark we note that simce factory solution for identifying the small parameter describing a
=0 andf,)<0, we getL,A,=0, which is the area increase horizon which is “almost isolated,” it might nevertheless be useful
law. in practice. The complete solution to this problem will require using
In this paper we are interested in the case Wh@r)l van- results from[14] where the world tube of apparent horizons is ana-
ishes(up to numerical errops In order for the horizon to be lyzed for the spacelike case.
isolated we should have *This is actually an oversimplification: in addition to preserving
Jap, the vector fieldp® must also preserve the additional structure
introduced to define weakly isolated horizofaiscussed briefly at
the end of Sec. Il A namely the preferred equivalence clagg
and the one-formw, associated witfi¢]: £,0, <0 andL ¢ =c¢
wherec is a positive-definite constant. However, these additional
whered?V is the natural area measure $gonstructed from  conditions are easy to verify in practice, and the nontrivial condi-
Jap- The quantitys is dimensionless since, has dimen- tion is Eqg.(21). We shall not concern ourselves with these extra
sions of inverse length. For the horizon to be numericallyconditions in the remainder of this paper.

2We want to point out that, as it stands, the quarsitannot be

S:= §|0'(€)|2 dZV:O (20)
S
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there were a Killing vector in the neighborhood &f it is 1
easier to use E¢22) rather than the Komar integral, since JRom= P jg (Kap— YapK) p2d*S°
the Komar integral requires finding the Killing vector in the S
full four-dimensional spacetime. It is also worth mentioning
that, if the vector fieldp? is not a symmetry ofA but is an 1

. . . . _ ar2cb
arbitrary vector field tangent t§, thenJd, is still the surface = 8n jgs Kap ¢%d°S". (26)
term atA in the Hamiltonian generating diffeomorphisms ”
along vector fields which are equal ¢ at the horizon. But
in this case, there would be no reason to identifywith the ~ The K term does not contribute, becaugg is tangent to
angular momentum, since conserved quantities such as maSs, which is the sphere at spatial infinity. Since the metric
and angular momentum are always associated with symmén S.. is just the standard two-sphere metric, we have no
tries. However, the existence of the axial symmetry is thedifficulty in choosing a$®, and we can calculat,py about
least that must be true if the horizon is to be close to Kerr inany axis. In contrast, since the metric on the apparent hori-
any sense. Note that angular momentum is a coordinate irzonSis distorted, findingp? is more complicated. Finally, as
dependent quantity; even if we use corotating coordinates toentioned earlier, the similarity between E(®5) and (26)
describe the black hole, the black hole still has the samés not surprising, because both quantities are defined to be
angular momentum. surface terms in Hamiltonians generating diffeomorphisms

We now describe a form of Eq22) which is much better along the appropriate rotational symmetry vector fieldsis
suited for calculating), numerically. From Eq(3), which is  the surface term at while J%5,, is the surface term at
the defining equation fow,, we get infinity.

GivenJ,, the horizon masM, is given by[11,12

tw, 2 — nptdV,e° 2 £°t3V,ny (23

1 Ip4 2
where, as beforg? is any vector tangent td. Assume that MA_E Ra+aJi @7
we have found the symmetry vector figtd on the horizon
(the method we use for finding® is described beloy From
Eq. (22), we are eventually interested in calculatip§w, ;
since p? is tangent taA, settingt®= ¢® we get

where R, is the area radius of the horizonR,
=(Aa/4m)Y2 This formula depends oR, and J, in the
same way as in the Kerr solution. However, this is a result of
2 & asb the calculation and not an assumption. The formulasifor
¢ wa =@ Vany andM , are on the same footing as the formulas for the ADM
mass and angular momentum, because both are derived by
Hamiltonian methods. Furthermore, under some physically
*(T°+R®) Va(Tp—Ry) reasonable assumptions on fields near future time-like infin-
ity (i*), one can show thavl,—Mpuy is equal to the en-
ergy radiated across future null-infinity if the isolated hori-
zon extends all the way 6". Thus,M, is the mass left over
after all the gravitational radiation has left the system. This
lends further support for identifyiniyl , with the mass of the
black hole. Further remarks regarding E@7) appear to-
wards the beginning of Sec. V.
To summarize, in order to calculate the mass and angular

where we have used E({) along with the fact thaN® and ~ momentum of an isolated horizon, we need the following
R? are orthonormal. In the last step, the definition of extrin-ingredients:

sic curvatureK ;= — yacydeCTd has been used wherg,,,
=g+ T.Tp is the three-metric on the spatial slize We
have thus reduced the calculation¢diw, to finding a single
component of the extrinsic curvature. The integration of this

scalar over the apparent horizon yields the angular momen- @pplicable. _ )
tum: (2) We need to find the quantitf,,R" on S and the sym-

metry vectore? (assuming it exisis
1 (3) The angular momentum is then a simple integral over the
=g jg (¢°R°Kgp)d?V, (25) apparent horizon given by Eq25), and the mass is a
mJs purely algebraic function given by E¢R7).

L

N| =

A 1 a/Tb b b b
:EQD (T VaTb—T VaRb+R VaTb—R VaRb) (24)

£ QDaRbVaTbé - (PaRbKab

(1) We must find the apparent horizon and check if the shear
of the outward null normal vanishes within numerical
errors. If it does, then the isolated horizon formulas are

where ¢? is a rotational Killing vector of the flat metric at The first and last steps are rather straightforward if we know
infinity. This is our final formula for the angular momentum. the location of the apparent horizon. The only nontrivial step
This formula is remarkably similar to the formula for the is the calculation ofp?. In the next section, we show how it
ADM angular momentum computed at spatial infinity: is numerically calculated using the two-metric 8n
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lll. FINDING THE KILLING VECTOR Jap) Whether this candidate is indeed a Killing vector. If
there exists no such eigenvector, then it tells us ¢ghatdoes
not have any Killing vectors aa.

In our caseSis a topological two-sphere which means
}_'h tV, is a three dimensional vector space and, if we choose

First of all, we should point out that in some numerical
simulations (especially simulations with built-in axisym-
metry) the axial symmetry vector is already known. In that
case, one can go ahead and find the angular momentum usi E AR
Eq.(25). Howe\?er, we are also interesteg in the more genera‘?l a3|§,M 9(7.’) can be represented as %3 Tatrlx Lif S'.S
case, when there is an axial symmetry, but the coordinate nn o_hmensmnal m_anl_fold, theM P(Y) is azn(n+1) di-
used in the simulation are not adapted to it. In this sectionmensIonal matrik Finding the Killing vector ap then re-

we describe a general numerical method for findjrig Our duﬁets rt1(t) ar:veltg(ren\t/\c;:lvlue p;:ort)lem fi?,rtr{:K 33 T&Sni(z. Fﬁirldah ri
method of finding Killing vectors on the apparent horizons jgeonstant curvature two-spnere, as € schwarzsc ort-

based on the Killing transport equation, which we now de-ZoN this matrix will just be the identity matrix for any point

scribe. This method does not depend on the fact that we afls Foran axially symmetric sphere, such as the one in a Kerr

on an apparent horizon, and it is possible that this procedur%pa?et'rze’atheael_w'" t;)e preC|§etIy one stich e!genve&togrj Hav-
could find Killing vectors efficiently in more general situa- N9 104N &% andL,y, at one point, we can again use K2

tions. We first describe the general method. to find '; ev”ery':/r\:helze”_on thet sphere, usl_mgd \{)anous _o_ther
Let £ be a Killing vector on 6,q,.), and define the curves. Finally, the Killing vector is normalized by requiring

two-form L, = V&, . This is a two-form because of the Kill- its integral curves to have affine lengthrZit can be shown
ing equation Viué) = Lay=0. It is then not difficult to that the integral curves must in fact be close®ince we are

prove the following(see e.g[20)): only free to rescale the Killing vector _by an overall constant,
we only have to perform the normalization on one integral
vV, & =04 curve. This normalizgtion ?s valid for rotati.onal Killing vec-
tors. If we were dealing with, say, translational or stationary
Killing vectors, the appropriate normalization condition
would be to require the vector to have unit norm at infinity.
To make this procedure concrete, let us write down the
equations explicitly in spherical coordinates. L&, $) be
arbitrary spherical coordinates &with #e[0,7] being the
azimuthal angle andpe[0,27] being the polar angle. In
these coordinates, the Riemannian two-meftjg on Sis

and v2V,L,.=R.,2éqve. (28)

The reason for inserting an arbitrary vecto? will soon
become clear. Instead of viewing these as equations for
Killing vector, let us instead think of them as equations for
an arbitrary vector£® (or a one-formé&,) and an arbitrary
two-form L,;,. If we start with a one-forng{" and a two-
form L{) at a pointp on the manifold, then the above equa- _ . qpsmdo+ db@dd+q,,(d0e dd+ddedo)
tions can be solved along any curggt) (with v? as its 4= ge oo '
tangent starting atp to give a unique one-formy, and a (29

unique two-forma,, at any other point on the curve. This The horizon may be arbitrarily distortedy,, does not have
procedure is analogous to parallel transport, but the differeng pe the standard two-sphere metric. Note that on a sphere,
tial equation used in the transport is not the geodesic €quamy two-formL,, can be written uniquely ak p=Leap,

tion, but instead Eq28) above, and instead of transporting a \yhereL is a function onS ande,, is the area two-form on
vector, these equations transport a one-form and a two-formi e=\/detq

do/\d¢p where detj= —-q?, is the de-
Viewed this way, Eq(28) are often referred to as thélling ; ¢ U= Goodss— oy

. X terminant ofq,,. Any one-formé&, can be expanded as
transport equatlons[z_l]._ We are thu_s Ie((jp)to (c;gm&der the = £,d0+ £ ,d¢. The covariant derivative of a one-forég is
vector spaceV,, consisting of all pairs & ,L;,) for an

. ®) | () expressed in terms of the Christoffel symbblg, as
arbitrary one-form&” and an arbitrary two-forni.3}) at a

oint p. For any curvey(t) which starts ap and ends at, _ _7cC
Fhe eguations i)r/n128), t?gi(nz:] linear, give uspa linear map?)ing Vaéb=dabb~ lapte- (30
betweerV, andV. If (P LRy e V,, actually comes from
a Killing vector and its derivative, then it will be mapped to
(£9,L9) e V,, which comes from the same Killing vector.

If we consider closed curves starting and ending at the 1

pointp, then the Killing transport for a curve(t) gives us a Rabcd=§REabEcd- (31
linear mappingM,(y):V,—V,. A Killing vector corre-
sponds to an eigenvector bf(y) with eigenvalue equal to
unity for any closed curve.. Note that an eigenvecta of
M () with unit eigenvalue need not necessarily correspon
to a Killing vector; this will be true only iZ is an eigenvec- ' , ; ;
tor of M,(y) with unit eigenvalue forevery sufficiently smgulanty.at the poles. The tangent veci@ris then simply
smooth curvey beginning and ending @ However, if there 94+ EQuations(28) then become
exists only one eigenvector with eigenvalue 1, it is the only 5
possible candidate for a Killing vector and it is easy to check 59:F0¢9§9+ F0¢¢§¢_ L J/detq,

explicitly (by calculating the appropriate Lie derivative of d¢

Q)

The Riemann tensor af,, has only one independent com-
ponent

Now we must choose a closed curve in order to find the
«illing vector at a single point. The equatod€ 7/2) is a
convenient choice for the curve since it avoids the coordinate

024018-8



INTRODUCTION TO ISOLATED HORIZONS IN . .. PHYSICAL REVIEW 67, 024018 (2003

Iy ) s ize the Killing vectoré=(£,,§,4) so that its integral curves
%ZFM) Egt T 4478y, have affine length 2. To do this, we need to follow the
integral curves of?:

L 1

—-_RY 00 4 qfde ). de do

7g 2 VAT AT %2 G €08 and -gk00) (@
(In these formulas we do not sum over repeated indices.

These are three coupled, linear, first-order differential equa{fl(r)1 g qorlilnue::i?ict:ne %\tféngmpahr:\r/r;ettg ﬁ]oalizastulrtes tr;grt:jgoeesls
tions in (§4,¢,,L). The same equation holds for any line of -~ - Y y

latitude (#=const). The second-order Runge-Kutta methodnOt vanish at the starting point. While solving Hg5) nu-

was used to solve these equations. The initial data require@enca"y’ we will need the value ¢f at points not included

for this equation are the values of4,&,.L) at, say, ¢ in the grid. We use a second order interpolation method for
1S ’ ) ; ic fi ; ;
0. The solution of the equation will betf,é,.L) at ¢ this purpose. This finally gives us the normalized symmetry

A o
=2m. We are eventually interested only i§ ¢,), but the vector¢®, which is used to calculatz, from Eq.(25).
functionL is necessary to transport the data. The solution to

these equations can be written in terms of a matfix IV. COMPUTATION OF J, AND TESTS OF THE
NUMERICAL CODE
€0 &0 In this section, we apply our approach to finding the Kill-
&g =M| &4 . (33 ing vector and our ability to identify an isolated horizon. In
L L order to validate our approach for identifying Killing vectors
(¢=2m) (¢=0) on'S, we first test our method using analytic data; (K;;) in

a simple case for which the location & and its Killing
vectors are also known; we consider the boosted Kerr-Schild
solution[22] with the basic parameters of magk=1, spin
a=1/2, and a boost in the direction. The four-metric has
the formg,,= 71+ 2Hk Ky, Where 7, is a flat Lorentzian
metric, H is a smooth function an#l, is null (see e.g[23]

To find the matrixM, we start with the initial data sets
(1,0,0), (0,1,0) and (0,0,1). The solutions will give the first,
second and third columns respectively Mf Next we find
the eigenvalues and eigenvectordf The eigenvector with
unit eigenvalue is what we waftNumerically, no eigen-
value is exactly equal to unity; therefore, in practice, we ; . . . .
choose the eiggnvglue cIosest%o urigge the ne>F<)t section for a d_eta|led d|spu33|on of su_ch metmcifhe notion of a
For the horizon to be axisymmetric or close to Kerr in anyboost is well defined for metrics in the Kerr-Schild _form
sense, this eigenvalue should be very close to unity. If this i[Q€cause of the presence of the flat background megic

not the case, then this proves that the horizon is not close tgYy Poosting the black hole, we impose a coordinate distor-

Kerr in any sense. All eigenvalues will be unity in the spheri-':;On c;]n the horizon, while ietalnlr;]g |tsh phﬁ/5|_(:al p.ropert||es.d.
cally symmetric case. or these test cases, we know that the horizon is isolated;

Having found the eigenvector at the poipt=0, we then and we take advantage of only needing to compute quantities

transport it to every grid point on the sphere. The curves use 'h”ns_'c to a two-sphere gmd use srﬁ)hencal c_oolrdlngtes. The
to transport the eigenvector are the lines of latitude and loni?"'OWING steps were used to test the numerical code main-

: : taining second order accuracy at each step:
itude. Transport along constafitcurves is done by Egs. X .
?32) while forpthe cons%antb CUIVeS we Use y =4 (1) From the Kerr-Schild data, calculate analytically the

apparent horizon two-metriq,,, the normalR,, and the
I€, components of the extrinsic curvatufg, at the location of
%:Fwegﬁl“%q‘gd,, the apparent horizon. Discretize _these guantities using a
spherical grid on the apparent horizon.
(2) Using the discretized data, find the unnormalized Kill-

Iy . i a ingle poinfi hoose thi
Lo_p 0z LT de 4| Jdetq, ing vector, &2, at a single poinfin our case we choose this
a0 Voo ot losEy point to be (= m/2,¢=0)] through the procedure described
in the previous section, applying the Runge-Kutta method.
JL 1 (3) Solve both Egs(32) and (34) to find &2 everywhere
90 ERVdetq(q¢9§9+q¢¢§¢). (34 on the apparent horizon.

(4) Normalize the Killing vector¢?, using interpolation

(Again, no summation over repeated indi¢gésnally, having ~and a Runge-Kutta method for E¢S5).

found (¢,,¢,4,L) at each grid point, we now need to normal-  (5) Calculate, via equation(25), usingR* given by the
apparent horizon ang? determined by steps 1-4.

The first step is easy if we have the analytic expressions
4In principle, we should verify thatveryclosed curve starting and  for the relevant quantities. In the second step, we have to find
ending at the point = m/2,6=0) gives the same eigenvector. the matrixM described in Eq(33) and find its eigenvector
However, as in any numerical method, we only do this for a smalWwith eigenvalue closest to unity. One can ask whether there
number of curves. The eigenvector obtained in this way is the onlys any ambiguity in choosing the right eigenvalue; is it pos-
possible candidate for a Killing vector. sible that more than one eigenvalue is close to unity? In the
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FIG. 2. Plots of the real and imaginary parts of the eigenvalues FIG. 4. The numerically computed angular momentum of the

of _the matrixM [defined in Eq.(33)] versus a large range of the black hole at different boosts for a black hole with mdss 1 and
spin parametea. spina=1/2. Three different resolutiond¢ are shown.

spherically symmetric cas@&0), all eigenvalues are equal . ) . o
to unity and it is immaterial which one we choose: the an_Kl!Img v_ector ata smgle point, we then f_|nd it at every other
gular momentum will be zero. Whemis sufficiently large, ~9rid point and use it to calculatd, . Figure 4 plots the
one eigenvalue is much closer to unity in magnitude as comvalues of the angular momentum of the black hole found
pared to the other two. In our case, it turns out that the matrixising Eq.(25) versus different values of the boost parameter
M has one real eigenvah}e and two Comp|ex eigenvajues for the Kerr-Schild data. Three different resolutions are plOt-
Areti\;m. Figure 2, a plot of the real and imaginary parts ted, showing a second-order convergence rate towards the
of the eigenvalues as a functionaffor the unboosted Kerr- known analytical value of}y=0.5 as expected. Although
Schild holg, demonstrates the unambiguous nature of thdhere is a slight loss in accuracy as the boost approaches the
eigenvalue for large values @ The ambiguity may arise speed of light, the angular momentum loses only 1% in ac-
whena is very small. In Fig. 3, we plot both functions for a curacy for the least resolved casdd(=/20) in Fig. 4
smaller range of. Both plots were generated for a resolution When the boost parameter is increased from 0 to 0.8. This
of d¢p=7/80. The figures show that the correct eigenvalue id0ss in accuracy is purely due to numerical effects and is
typically easy to identify, because the other eigenvalues dismaller for the higher resolution cases. We also obtained
verge from unity rather rapidly and also, at least in this caseSimilar results for boosts in other directions.
the “wrong” eigenvalues are complex while the correct ei- A more realistic situation is to compudg andM , during
genvalue is real. a numerical simulation of a black-hole spacetime, in which
Having found the correct eigenvector and therefore thdhe spacetime data will be given on a spatial grid. To test our
method in this case, we again use boosted Kerr-Schild data,
—— T but this time we start with numerical data discretized on a
. : * Cartesian mesh on a spatial slice; this mesh will not coincide
with the spherical mesh on the apparent horizon. We use an

1

0.9999 . X
. apparent horizon finder to locate the apparent horgamd
< 0.9998 its unit spacelike normdR?®, and construct a spherical grid
0.9997 on the apparent horizon. Leix andd¢ be the grid spacing

of the Cartesian and spherical grid respectively. We want the
09996 oL L 1 1 two grids to be of similar spacing, i.e. we choa$é such
that d¢~dx/R whereR is the coordinate radius of the ap-

0.02 F = parent horizon. The data are then interpolated onto the
001 E 3 spherical grid, an additional source of error. We extract the
g 0k E two-metric q,, numerically from the data, use it to find the
< —o001 E 3 Killing vector field ¢?, and apply our formula for angular
—002 £ 3 momentum. We present a series of test cases involving the
b b b b 1y o black hole in boosted Kerr-Schild data. One is static, and
0 002 004 006 008 0.1

three others have a spin of 1/2 about thexis, with one of

the spinning holes boosted perpendicular to the spin along
FIG. 3. Plots of the real and imaginary parts of the eigenvalueghe x axis, another parallel to the spin along thaxis. Table

of the matrixM versus the spin parametar whena is small. | lists the different scenarios.

Spin parameter a
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TABLE |. Various scenarios. 1
0.998 oy
Scenario Y a Uy v, 0.99% "‘1&,\\
0.991
| 1 0 0 0 2 RN
I 1 1/2 0 0 ' 0 e NN
0.99 |1 " :
1 1 1/2 1/2 0 I - AN
0988 [ IV ——8-— N
v 1 1/2 0 1/2 : N
0.986 L B
0 0.05 0.1 0.15 0.2 0.25
Resolution

Due to t_he additional complexity of having _the _data N F1G. 6. Resolution test for the mads, of the horizon. The
mesh that is not the one diiwhere the calculation is done, g onarios 11-1V are explained in Table I.

we have to deal with two different numerical grids. We re-

fined both the Carte;ian grid and the spherical grid intrinsiqyased on the corresponding Kerr equation, much less use is
to the apparent horizon to perform convergence tests. Allyaqe of the specific properties of a Kerr black hole than in
runs were performed with three resolutionld) dx=1/4, st conventional methods such as the great circle method
d¢=10° (2) dx=1/8, dp=5°; (3) dx=1/16,d$=2.5°.  {escribed below. In particular, while deriving E87), we do
All lengths are measured in units of madswhereM is the ot make any assumption regarding the near horizon geom-
mass of the black holel, is measured in units d_ﬂz- Fig-  etry. All that is required is that the members of the Kerr
ure 5 shows], versus resolution, and Fig. 6 displabsy  family are elements of the phase space under consideration
versus resol_ut|on, showing second-order convergence to ”‘(%ee[ll,lz for a detailed specification of the phase space
In addition toJ, andM,, we also monitor how well we  for values of the black hole energy; this is somewhat analo-
converge to a truly isolated horizon, one in which the sheagoys to choosing the zero of a potential in classical particle
o is zero. Figure 7 pIOtS the value ofversus resolution and mechanics. In princip|e’ we could also have chosen a differ-
demonstrates second-order convergence toward zero. As exnt two parameter family of solutions but we choose the Kerr
pected due to additional errors in the apparent horizoRamily due to its well known importance in black hole
tracker, the convergence factors are not as good as in the cagfeory.
of analytiC data; but are St|” acceptable for Second Order OW|ng to the uniqueness theorems of classical genera'
convergence. relativity, it is commonly believed that a black hole that has
been created in a violent event will radiate away all its higher
V. DISCUSSION multipole moments and settle down to form a Kerr black
) , _ . hole near the horizon. One strategy for assigning a mass and
In this section we want to compare our method of findingany angular momentum to a black hole is then to identify the
the mass and angular momentum of a black hole in a numerinemper of the Kerr family one is dealing with and to read
cal simulation with other methods that are commonly used.ys the corresponding mass and angular momentum param-
Note that the method proposed in this paper has thregiq g
advantaged(i) it is not tied to a particular geometflike the While this strategy is physically well motivated, and one
Kerr geometry, (ii) it is completely coordinate independent, qoes expect the final black hole to be close to Kerr in some
and(iii) it only requires data that is intrir_lsic to the apparentsense, we can refine this strategy considerably. The main
horizon. The commonly used alternatives for calculatinggitficulty with this method is that there are many subtleties
mass and angular momentum do not share all three of thesg,q open questions regarding the issue of uniqueness of the
features. _ _ _ final black hole. To briefly illustrate this point, let us consider
The reader might object td) on the grounds that our e jsolated horizon describing the final black hole. The in-
formula for M, [Eq. (27)] is also motivated by the corre- yinsic geometry of the horizon is, by definition, time inde-

sponding Kerr formula. In this regard, the following remarks hengent. However, it is not necessary tfair dimensional
are worth mentioning. Even though our formula fdr, is

0.006 T y
0.500 : P
5 |1
:*«.\ 0.005 T e 'l
0.498 — y
\“‘s, 0004 o IV --8--- 5
0.496 3 = V4
N R < 0.003 7.
0.404 $ g £ ,»/
< 0492 {11 AN 0.002 /:
i —— ™, -
0490 [ T = kxS \1 0.001 e
- ——- N oz
IV -8 N ]
0.188 : 0
: k 0 005 01 015 02 0%
0.486 Resoluti
0 005 01 015 02 025 solution

Resolution i .
FIG. 7. This graph shows the, norm of o(;). We see that it

FIG. 5. Resolution tests for the angular momentdignof the converges to zero, indicating that the horizon is isolated. The sce-
horizon. The scenarios 11-1V are explained in Table I. narios IlI-1V are explained in Table I.
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guantities evaluated at the horizon must also be time indeperpendicular to the Killing vector, we just need to find the
pendent. For instance, using the Einstein equations at tHength of a curve which joins the north and south poles and is
isolated horizon, it turns out that the expansion and shear adverywhere perpendicular to the Killing orbits. With and
the inward pointing normai® [see Eq(1)] may not be time L, defined in this coordinate invariant way, we can follow
independent; these quantities decay exponentjdy. This  the same procedure as in the great circle method to calculate
means that the four-geometry in the vicinity of a NEH is the mass and angular momentum. This method can be called
generically not time independent, and hence may not be isahe generalizedgreat circle method.
metric to a Kerr solution. It is also not clear whether the four How does the generalized great circle method compare to
geometry tends to the Kerr geometry as we approach futureur method? From a purely practical point of view, note that
time like infinity. Clearly, we need to prove a statementthis method requires us to find the Killing vector, to deter-
which says: “sufficiently far” into the future, the spacetime mine the orbit of the Killing vector with maximum length,
metric in a “sufficiently small” neighborhood of the horizon, and to calculate the length of a curve joining the poles which
is “close to the Kerr metric.” In this statement, each phraseis orthogonal to the Killing orbits. The first step is the same
within quotes is ill defined. To prove or disprove such state-as in the isolated horizon method presented in this paper.
ments, it is imperative, at the very least, that one does nojvhile the next step in the isolated horizon method is simply
start with the assumption that the final black hole is Kerr. Into integrate a component of the extrinsic curvature on the
particular, it is desirable that we not use geometrical properhorizon, this method requires more work, and furthermore,
ties of the Kerr horizon to calculate angular momentum andhe numerical errors involved are at least as high as in the
mass. isolated horizon method. Thus the simplicity of the great
If one nevertheless makes the assumption that the finaircle method is lost when we try to make it coordinate in-
black hole is described by a Kerr geometry, one has to find gariant, and it retains the disadvantage of relying heavily on
way to identify the particular member in the Kerr family. The the properties of the Kerr geometry.

method that is most commonly used is tigesat circle It should also be mentioned here that there exist exact
methodwhich is based on properties of the Kerr horizon solutions to Einstein’s equations representing static, nonro-
found by Smarf24]. It can be described as follows. tating and axisymmetric black holes. Examples of such solu-

In the usual coordinates, let, be the proper length of the tions are the distorted black hole solutions found by Geroch
equator of the Kerr apparent horizon ahg the proper and Hartle[18] or the solutions representing black holes im-
length of a polar meridian. Here the equator is the greaiersed in electromagnetic fielf5]. The apparent horizons
circle of maximum length and a polar meridian is a greatin all these solutions are distorted, and the generalized great
circle of minimum length. The distortion paramet®is then  circle method will give a non-zero value for the angular mo-
defined to be (,—L,)/L.. Smarr then showed that the mentum. Our method based on E¢85) and(22) will give
knowledge ofd, together with one other quantity like area, J,=0 because the imaginary part ¥f, vanishes at the ho-
Le, orLy, is sufficient to find the parametemsanda of the  rizon for these solutions. While these solutions are probably
Kerr geometry. not relevant for numerical simulations of binary black hole

The difficulty with this method, apart from relying overly collisions, they represent physically interesting situations in
on properties of the Kerr spacetime, is that notions such awhich a black hole is surrounded by different kinds of exter-
great circles, equator or polar meridian etc. are all highlynal matter fields which distort the black hole; these black
coordinate dependent. If we represent the familiar two-metritioles may have some relevance astrophysically. These solu-
on the Kerr horizon in different coordinates, the great circlegions show that the generalized great circle method cannot be
in one coordinate system will not agree with great circles incorrect in general. They also illustrate that the great circle
the other system. The two coordinate systems will thereforenethod will in general give results that are different from the
give different answers foM and a as calculated by this ones obtained using Komar integrals.
method. In certain specific situations where one has a good A completely different approach to finding the mass and
intuition about the coordinate system being used and thangular momentum of a black hole in a numerical solution is
physical situation being modelled, this method might be useto use the concept of a Killing horizon. Since in a numerical
ful as a quick way of calculating angular momentum, but it issimulation one is interested in highly dynamical situations,
inadequate as a general method. one cannot assume the existence of Killing vectors in the

The problem of coordinate dependence can be dealt witlvhole spacetime. Instead one assumes that stationary and
in axisymmetric situations without assuming that the coordi-axial Killing vectors exist in a neighborhood of the horizon,
nate system used in the numerical code is adapted to thend then uses appropriate Komar integrals to find the mass
axial symmetry. The idea is to use the orbits of the Killing and angular momentum.
vector as analogs of the lines of latitude on a metric two- While this method is coordinate independent and does not
sphere. The analogue of the equator is then the orbit of theely on a specific metric, it has two disadvantages when com-
Killing vector which has maximum proper length. This de- pared with the isolated horizon approach. First, it is aot
finesL, in an invariant way. The north and south poles arepriori clear how the stationary Killing vector is to be nor-
the points where the Killing vector vanishes, and the analognalized if it is only known in a neighborhood of the horizon.
of L, is the length of a geodesic joining these two pointsSecond, this method requires the Killing vectors to be known
(because of axial symmetry, all geodesics joining the polesn a whole neighborhood of the horizon. Computationally
will have the same lengihSince this geodesic is necessarily this is more expensive than finding a Killing vector just on
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the horizon. Conceptually it is also unclear how big this Let us also briefly discuss one more important future ap-
neighborhood of the horizon should be. Furthermore, aplication: extracting radiation waveforms. We expect that in-
present there is no Hamiltonian framework available information about gravitational radiation will be encoded in a
which the boundary condition involves the existence of Kill- component of the Weyl tensor such asV,

ing vectors in a finite neighborhood of the horizon. In a=c_, n®mPn°m? wheren? andm? are members of a null

sense, the isolated horizon framework extracts just the minketrad. In certain situations where we have a background
mum amount of information from a Killing horizon in order metric or if we have Killing vectors, there may be a natural
to carry out the Hamiltonian analysis and define conserve@ngice of the null tetrad used to calculabe,. However, in

quantities. general situations, it is not clear how to construct this pre-
ferred null tetrad. Without a well defined way of calculating
VI. APPLICATIONS AND FUTURE DIRECTIONS radiation waveforms, it is very hard to even compare the

results of different simulations which model similar physical

One snyapon whgre the calcylatlon_ M.A andJ, m|gh'§ situations but in different coordinates. It turns out that the
be useful is in studying properties of initial data. Consider,;

for example, an initial data representing a binary black hol isolated horizon framework could be used to provide a pre-

system. If the black holes are far apart, then we may consideZFrrEd coordinate system in the vicinity of an isolated hori-

them to be isolatedthis can be verified, for example, b on. For this purpose, we need more structure on the horizon
: . I P, BY “than provided by a NEH; we need the notion ofiaolated
calculating the shear of the inward null normal as in Eq.

. horizonas discussed briefly at the end of Sec. Il A. It can be
_ a1 2

(20)]..Th_en the differencé& =M +Mj—M,py represents shown that, generically, an isolated horizon has a preferred

the binding energy between the holes plus the energy due g0 which may be said to define its rest frame. In gen-

radiation and poss_lbly alsq the_ kinetic energy of the bI""Ckeral, this preferred foliation will not agree with the foliation
holes.zln order to find the |_nd|V|duaI black h(_)le masMa§ given by the apparent horizons in a particular choice of
andMj Eqs.(25) and(27) will be useful for this purpose. It caychy surfaces in spacetime. However, this preferred folia-
is also interesting to compare different initial data sets WhiCh:ion can be constructed in a Comp|ete|y coordinate indepen_
represent roughly the same physical situation by calculatingent manner. Given this preferred foliation, we can construct
the quantityE. A lot of work in this direction has recently 5 coordinate system analogous to the Bondi coordinates con-
been carried out by Pfeiffeat al. [26]. The isolated horizon  structed near null infinity10,13. This preferred coordinate

framework may provide some further insights. provides an invariant way of calculating radiation waveforms
The isolated horizon framework may also be used to CONzNnd Comparing the results of different simulations.

struct initial data representing tw@r more black holes far
away from each other. We want to specify the individual
black hole spins, velocities and masses in the initial data
when the two black holes are very far apart. For this purpose,
the formulas ford, andM, would be relevant, and we may  We would like to thank Abhay Ashtekar and Pablo La-
assume that the black holes will be isolated at least for guna for countless discussions, criticisms and suggestions.
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