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Outline

• Introduction to BSSN formulation;

• Constraints of the BSSN system;

• Near-flat linearization;

• Boundary conditions for the linearized BSSN system;

• Evolution of the constraints;

• Constraint preserving boundary conditions;
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ADM system

Arnowitt–Deser–Misner 3 + 1 decomposition in vacuum: (lapse a; shift
bi; 3-metric hij; extrinsic curvature kij; spatial Ricci tensor Rij)

∂thij = −2akij + 2D(ibj),

∂tkij = a[Rij + kl
lkij − 2kilk

l
j] + blDlkij + kilDjb

l + kljDib
l −DiDja,

Ri
i + (ki

i)
2 − kijk

ij = 0, Hamiltonian const.

Djkij −Dik
j
j = 0 momentum const.

Rij = 1
2h

pq(∂p∂jhiq + ∂i∂qhpj − ∂p∂qhij − ∂i∂jhpq)
+ hpqhrs(ΓiprΓqjs − ΓpqrΓijs),

Γijl =
1
2
(∂iglj + ∂jgil − ∂lgij).

Ricci Tensor is difficult!
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BSSN: the Trace of kij

The evolution equation for k = kl
l is simple

(1) (∂t − blDl)k = akpqkpq −DlDla

(after Hamiltonian constraint was used to eliminate Ricci)

To separate evolution of k from the system, introduce new variables

(2) k = ki
i, Aij = kij −

1
3
hijk

Decompose the system accordingly...
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One more thing on the Trace of kij

As it follows from the ADM system,

(3) (∂t − blDl)k = akpqkpq −DlDla.

This can be compared to

(4) ∂tψ = ψ2

Question to ask: should the lapse be chosen wisely?

(5) DlDla = akpqkpq, (maximal slicing) (∂tψ = 0)

or

(6) (∂t−blDl)a = −a2k (harmonic slicing) (∂2
tψ = a2∂2

xψ+∂t(aψ2))
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BSSN variables
Motivation: we need a decomposition for h compatible with

k = ki
i, Aij = kij −

1
3
hijk.

The new variables

ϕ = (1/12) ln(deth) is the conformal factor;

h̃ij = e−4ϕhij, h̃
ij = e4ϕhij are the conformal metric and its inverse;

k = kpqh
pq, again, the trace of the extrinsic curvature;

Ãij = e−4ϕAij the conformal analog of Aij, Ã
ij = e−4ϕAij;

Γ̃j = h̃pq∂ph̃qj, the contracted Christoffel symbol, follows from Ricci tensor
decomposition;

Notice:

∂h̃ij = e−4ϕ[∂hij −
1
3
hijh

pq∂hpq].
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BSSN formulation

Solving AMD for ϕ, k, h̃, Ã, γ̃ (both Hamiltonian and the momentum
constraints are used)

(7) (∂t − b̃l∂l)ϕ = −1
6k + 1

6∂sb̃
s

(8) (∂t − b̃l∂l)k = −DlDla+ . . .

(9) (∂t − b̃l∂l)h̃ij = −2aÃij + 2h̃s(i∂j)b̃
s − 2

3h̃ij∂sb̃
s

(10) (∂t − b̃l∂l)Ãij = e−4ϕ[12a∂
l∂lh̃ij + a∂(iΓ̃j) − 2a∂i∂jϕ− ∂i∂ja

− 2ah̃ij∂
l∂lϕ+ 1

3h̃ij∂
l∂la] + . . .

(11) (∂t − b̃l∂l)Γ̃i = −4
3a∂ik + 1

3∂i∂sb̃
s + hsi∂

l∂lb̃
s + . . .

Plus
(12) (∂t − b̃l∂l)a = −a2k

(here b̃j = e−4ϕb; dots stand for terms vanishing in near-flat linearization)
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Constraints

The analog of momentum constraint

(13) D̃pAiq −
2
3
∂ik = 0;

The analog of Hamiltonian constraint

(14) R̃i
i − 8D̃iD̃iϕ− 8(∂iϕ)(∂iϕ) +

2
3
k2 −AijAij = 0;

An artificial constraint on Γ̃j

(15) Γ̃j = h̃pq∂ph̃qj.
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Linearization around flat space

Space-time metric is a perturbation of the Minkowski metric:
a = 1 + α, bi = βi, hij = δij + γij, kij = κij, α, βi, γij, κij ≈ O(ε)

Then (up to higher order in perturbations)

ϕ = 1
12γ

l
l ;

k = κ := κl
l;

e−4ϕ = 1− 1
3γ

l
l and e4ϕ = 1 + 1

3γ
l
l ;

h̃ij = δij + γij − 1
3δijγ

l
l := δij + γ̃ij

Ãij = Aij := κij − 1
3δijκ;

Γ̃j = Γj = ∂lγ̃lj;
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Linearized BSSN

Evolution equations

(E1) ∂tϕ = −1
6κ+ 1

6∂
sβs;

(E2) ∂tκ = −∂l∂lα;
(E3) ∂tα = −κ;
(E4) ∂tγ̃ij = −2Ãij + 2∂(iβj) − 2

3δij∂
sβs;

(E5) ∂tAij = −1
2∂

l∂lγ̃ij + ∂(iΓj) − 2∂i∂jϕ− 2δij∂l∂lϕ− ∂i∂jα+ 1
3δij∂

l∂lα;

(E6) ∂tΓi = −4
3∂iκ+ 1

3∂i∂
sβs + ∂l∂lβi;

Constraint equations:

(H) ∂p∂qγ̃pq − 8∂l∂lϕ = 0, and/or ∂lΓl − 8∂l∂lϕ = 0;
(M) ∂jAij − 2

3∂ik = 0;
(art) Γj = ∂lγ̃lj.
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Boundary conditions

Unconstrained evolution problem: Given β, and α(0), ϕ(0), κ(0), γ̃ij(0),
Aij(0), Γi(0) plus BC solve (E1)–(E6) for α, ϕ, κ, γ̃ij, Aij, Γi for all times.

Boundary Conditions: (flat boundary) anything implying

∂

∂n
Aij∂tA

ij = 0,
∂

∂n
k∂tk = 0.

Example: Aij = 0 and κ = 0 or ∂
∂nAij = 0 and ∂

∂nκ = 0 or in combination.

Indeed, differentiating (E5) in time and using the (E1)–(E6) we get
∂2

tAij = ∂l∂lAij. Use (E4) to get ∂tAij(0); retrieve γ̃ by integration.
Similarly, differentiating (E2) in time and using (E3) we get ∂2

t k = ∂l∂lk;
∂tk(0) is calculated from (E2), ϕ, α obtained by integration.

Alternatively, introduce compatible BC for γ̃ij, ϕ, α by integration.
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Evolution of the constraints

Introduce

Mi = ∂jAij −
2
3
∂ik;

H1 = ∂p∂qγ̃pq − 8∂l∂lϕ;

H2 = ∂lΓl − 8∂l∂lϕ;

Notice, that ∂tH1 = ∂jMj so if the momentum constraint is satisfied
(Mj = 0) then H1 ≡ 0 provided it is zero initially;

∂tH2 = 0 by (E6), (E1).

So, we need to check Mj ≡ 0.
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Evolution of Mi

The propagation of the momentum constraint is given by

∂2
tMj = ∂l∂lMj

Notice that Mj(0) = 0 for physical data. The value of ∂tMj(0) can be
calculated from (E5) and (E2) as (is zero for physical data)

∂tMi(0) =
1
2
∂l∂l(Γi(0)− ∂mγ̃im(0)) +

1
2
∂i(∂mΓm(0)− 8∂l∂lϕ(0)) = 0.

If we can find a set of well-posed boundary conditions for the linearized
BSSN system that imply

∂

∂n
Mj∂tM

j = 0

then we are done!
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Constraint preserving boundary conditions
Two sets of conditions: mini

li

dS Aijn
imj = 0, Aijn

ilj = 0, Aijm
ilj = 0,

Aij(lilj −mimj) = 0, Aij(2ninj − lilj −mimj) = 0, κ = 0.
and

∂
∂nAijn

imj = 0, ∂
∂nAijn

ilj = 0, ∂
∂nAijm

ilj = 0,
∂

∂nAij(lilj −mimj) = 0, ∂
∂nAij(2ninj − lilj −mimj) = 0, ∂

∂nκ = 0.
or a combination of two will work!

How to see it?

This technology uses directional derivatives, plane waves, equations

∂i =
∂

∂n
ni +

∂

∂l
li +

∂

∂m
mi; ∂i∂i =

∂

∂n

∂

∂n
+
∂

∂l

∂

∂l
+

∂

∂m

∂

∂m
;

– Typeset by FoilTEX – 15



How to see it?
At each point of the boundary A can be spanned by an orthogonal basis

A1 = Aijn
imj, A2 = Aijn

ilj, A3 = Aijm
ilj,

A4 = Aij(lilj −mimj), A5 = Aij(2ninj − lilj −mimj)

In terms of directional derivatives

M j ∂
∂nMj = [12

∂
∂mA1 + 1

2
∂
∂lA2 + 2 ∂

∂nA5− 3
2

∂
∂nκ]

×[12
∂

∂m
∂

∂nA1 + 1
2

∂
∂l

∂
∂nA2 + 2 ∂

∂n
∂

∂nA5− 3
2

∂
∂n

∂
∂nκ]

+ [12
∂

∂nA1 + 1
2

∂
∂lA3− ∂

∂mA4− ∂
∂mA5− 3

2
∂

∂mκ]

×[12
∂

∂n
∂

∂nA1 + 1
2

∂
∂l

∂
∂nA3− ∂

∂m
∂

∂nA4− ∂
∂m

∂
∂nA5− 3

2
∂

∂m
∂

∂nκ]

+ [12
∂

∂nA2 + 1
2

∂
∂mA3 + ∂

∂lA4− ∂
∂lA5− 3

2
∂
∂lκ]

×[12
∂

∂n
∂

∂nA2 + 1
2

∂
∂m

∂
∂nA3 + ∂

∂l
∂

∂nA4− ∂
∂l

∂
∂nA5− 3

2
∂
∂l

∂
∂nκ] = 0?

– Typeset by FoilTEX – 16



Conclusions

• Nonlinear analog;

• Non-homogeneous BC;

• Curved boundary;

• Sommerfeld type BC;

• Some calculations;
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